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DETERMINATION OF THE 2- COCYCLES FOR THE THREE POINT WITT
ALGEBRA
ELIZABETH JURISICH AND RENATO .A. MARTINS
Abstract. We provide formulas for computing the cocycles on a 3-point Witt algebra Der(R),
using an isomorphism between two 3-point algebras Der(R) and Der(S), where the cocycle is
already defined. These cocycles can be used to construct universal central extensions and the
3-point Virasoro, which are useful for the representation theory of a 3-point current algebra.
The computations determining the cocycles on Der(R) involve elegant applications of the Chu-
Vandermonde convolution and other identities for sums of binomial coefficients.
1. introduction
In this paper, we consider two Lie algebras of derivations of rings, Der(R) and Der(S), where
S = C[s, s−1, (s − 1)−1] and R = C[t, t−1, u |u2 = t2 + 4t]. Note that R and S can be viewed as
rings of functions on the Riemann sphere, these algebras are a type of Krichever-Novikov algebras,
see [Sch03] and [Sch90] for example. The algebras are also known as 3-point algebras, in particular
3-point Witt algebras. These algebras are interesting examples of generalizations of the loop algebra
construction of affine Lie algebras, which have an interesting representation theory and relations
to mathematical physics [She05], and provide an example of a family of simple Lie algebras that
are infinite-dimensional. The central extensions two algebras under consideration in this paper play
a role similar to that of the Virasoro algebra in the representation theory of current algebras for
3-point current algebras [CJM14], so construction of cocycles on our 3-point Witt algebras play an
important role. The result in this paper solves a problem posed in [Bre91], one of the fundamental
papers on the 3-point Witt algebra.
We give explicit basis, and computations to construct explicit formulas for the cocycles of Der(R)
by making use of an isomorphism given in [CJ14]. This isomorphism is used in [CJM14] to establish
that the cocycles given are not co-boundaries, and correspond to the cocycles in [CGLZ14]. The
verification of the invariance of the cocycles under the isomorphism involves extensive and interesting
use of some well known combinatorial identities of products and sums of binomial coefficients.
2. The 3-point Witt algebra and 2-cocycles
In this paper, all vector spaces and algebras will be over the complex numbers C. Given a ring
R, let Der(R) denote the Lie algebra of derivations of the ring.
For any Lie algebra l a 2-cocycle is defined to be a bilinear function ϕ : l × l → C satisfying the
following conditions:
(1) ϕ(u, v) = −ϕ(v, u)
(2) ϕ([u, v], w) + ϕ([v, w], u) + ϕ([w, u], v) = 0
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for all u, v, w ∈ l.
Recall, that the space of 2-cocycles determines the central extensions of the Lie algebra l (see for
example [Wei94]). The universal central extension of the 3-point Witt algebra is used in [CJM14]
to construct representations of a 3-point current algebra, motivating us to find an explicit formula
for the cocycles on the algebra.
The ring of rational functions on the Riemann sphere with poles at s = 0, 1, and ∞ is S :=
C[s, s−1, (s − 1)−1], the Lie algebra Der(S) is studied extensively in [CGLZ14], and is one version
of the 3-point Witt algebra.
Now define R := C[t, t−1, u], and let a denote the ideal generated by u2− (t2 +4t) ( see [CJM14]
for a more general setting), we set R := R/a. Central extensions of this version of the 3-point
Witt algebra is used in [CJM14] to construct free field representations of a 3-point current algebra,
making an explicit formula for computing the values of the cocycles necessary.
The element D = (t + 2) ∂
∂u
+ u ∂
∂t
of Der(R) will also be used to denote the corresponding
derivation on R, which is well defined as D · a ⊂ a. The following lemma is a special case of a result
in [CJ14].
Lemma 2.1. Let R := R/a = C[t, t−1, u|u2 = t2 + 4t] then
Der(R) = R (D) .
Definition 2.2. We call Der(R) the 3-point Witt algebra.
We work in the following basis of Der(R):
(2.1) dn := t
nuD, en = t
nD for D = (t+ 2)
∂
∂u
+ u
∂
∂t
The commutation relations of the basis elements are:
[dm, dn] = (n−m) (dm+n+1 + 4dm+n)
[em, en] = (n−m)dm+n−1
[dm, en] = (n−m− 1)em+n+1 + (4n− 4m− 2)em+n.
These relations can be verified by direct computation.
Define f : R→ S and φ : S → R by
(2.2) f(t) = s−1(s− 1)2, f(u) = s− s−1, φ(s) =
t+ 2 + u
2
, φ(s−1) =
t+ 2− u
2
so that
φ((s − 1)−1) =
t−1u− 1
2
.
It is straightforward to show that f : R → S is an isomorphism of rings, in fact the following is
proven in [CJ14]:
Lemma 2.3. The Lie algebras Der(R) and Der(S) are isomorphic via t 7→ s−1(s − 1)2, and
u 7→ s− s−1.
2.1. Construction of the cocycles. Recall as above S = C[s, s−1, (s− 1)−1], and set a1 = 0 and
a2 = 1. For i = 1, 2 the following maps are defined in [CGLZ14]
φi : Der(S)×Der(S)→ C
by specifying that φi is skew symmetric, has the following values on the basis {s
k, (s − 1)−l|k ∈
Z, l ∈ N} of S = C[s, s−1, (s− 1)−1], and is extended linearly:
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(2.3) φi(s
k+1∂, (s− ai)
−l+1∂) =
{(
k+1
l+1
)
(l3 − l), ∀ k, l ∈ Z+, if ai 6= 0,
δk,l(l
3 − l), ∀ k, l ∈ Z if ai = 0,
φi((s− ai)
−k∂, (s− aj)
−l∂) =
(k + l + 1)!
(k − 1)!(l − 1)!(aj − ai)k+1(ai − aj)l+1
,
=
(−1)l+1
(aj − ai)k+l+2
(
k + l − 2
k − 1
)
((k + l)3 − (k + l)),
∀ k, l ∈ N, j 6= i,
and φi = 0 at all other pairs of basis elements. From this it is easy to see that
φi((s− ai)
k+1∂, (s− ai)
−l+1∂) = δk,l(l
3 − l), ∀ k, l ∈ Z.(2.4)
which is the motivation for the formula (2.3).
The following result appears in [CGLZ14]:
Proposition 2.4 (Cox, Guo, Lu, and Zhao). The above defined φi are 2-cocycles on Der(S) which
are not 2-coboundaries for all i = 1, 2.
We now use the isomorphisms (2.2) to define an isomorphism of Der(R) and Der(S) which we
will then use in conjunction with the above proposition to define 2-cocycles on Der(R). First we
define Φf : Der(R)→ Der(S) by the following
(2.5) Φf (u) = fuf
−1.
Now define 2-cocycles φ¯i, i = 1, 2 on Der(R) by
(2.6) φ¯i(u, v) := φi(Φf (u),Φf (v)).
Note that (2.6) determines the cocycles on our algebra Der(R), but we wish to obtain a formula
for computing the values of the cocycles directly. This direct formula will be used in [CJM14] to
construct central extensions of the 3-point Witt algebra and representations of the 3-point current
algebra.
Lemma 2.5. For k ∈ Z, one has
Φf (t
kD) =


∑2k
a=0
(
2k
a
)
(−1)as−k+a+1∂s if k ≥ 0(
1 + 2
s−1 +
1
(s−1)2
)
∂s if k = −1.∑−k+1
b=0
(
−k+1
b
)
(s− 1)k−b+1∂s if k < −1.
and
Φf (t
kuD) =


∑2k+1
a=0
(
2k+1
a
)
(−1)ask−a+2∂s +
∑2k+1
b=0
(
2k+1
b
)
(−1)bsk+1−b∂s if k ≥ 0∑−k+1
a=0
(
−k+1
a
)
(s− 1)a+2k+1∂s +
∑−k
b=0
(
−k
b
)
(s− 1)2k+b+1∂s if k < −1(
s+ 2 + 2(s−1)
)
∂s if k = −1.
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Proof. For k ≥ 0 we have
Φf (t
kD)(s) = ftkDf−1(s) = f
(
tkD
(
t+ 2 + u
2
))
= f
(
tk
(
t+ 2 + u
2
))
= f (t)k f
(
t+ 2 + u
2
)
= s1−k(s− 1)2k
=


∑2k
a=0
(
2k
a
)
(−1)ask−a+1 if k ≥ 0
1 + 2
s−1 +
1
(s−1)2 if k = −1.∑−k+1
b=0
(
−k+1
b
)
(s− 1)k+1−b if k < −1.
=


∑2k
a=0
(
2k
a
)
(−1)ask−a+1∂s(s) if k ≥ 0(
∂s +
2∂s
s−1 +
1∂s
(s−1)2
)
(s) if k = −1.∑−k+1
b=0
(
−k+1
b
)
(s− 1)k+1−b∂s(s) if k < 0.
Φf (t
kuD)(s) = ftkuDf−1(s) = f
(
tkuD
(
t+ 2 + u
2
))
= f
(
tku
(
t+ 2 + u
2
))
= f(tk)f(u)f
(
t+ 2 + u
2
)
= s1−k(s− s−1)(s− 1)2k
= s−k(s2 − 1)(s− 1)2k = s−k(s+ 1)(s− 1)2k+1
= s−k+1(s− 1)2k+1 + s−k(s− 1)2k+1
=
{∑2k+1
a=0
(
2k+1
a
)
(−1)ask−a+2 +
∑2k+1
b=0
(
2k+1
b
)
(−1)bsk+1−b if 2k + 1 ≥ 0∑−k+1
a=0
(
−k+1
a
)
(s− 1)a+2k+1 +
∑−k
b=0
(
−k
b
)
(s− 1)2k+b+1 if 2k + 1 < 0.
=


∑2k+1
a=0
(
2k+1
a
)
(−1)ask−a+2 +
∑2k+1
b=0
(
2k+1
b
)
(−1)bsk+1−b if 2k + 1 ≥ 0(
s+ 2 + 2(s−1)
)
∂s if k = −1(
4
(s−1) +
5
(s−1)2 +
2
(s−1)3 + 1
)
∂s if k = −2∑−k+1
a=0
(
−k+1
a
)
(s− 1)a+2k+1 +
∑−k
b=0
(
−k
b
)
(s− 1)2k+b+1 if 2k + 1 < −3

Theorem 2.6. The C valued bilinear functions φ¯i(u, v) defined by (2.6) on Der(R) ×Der(R) are
cocycles that are not co-boundaries. On the basis elements, the cocycles have the values:
For all k, l ∈ Z
φ¯1(ek, el) = 2(l
2 − l)(2l − 1)δk+l,1 + (l
3 − l)δk+l,0
φ¯1(ek, dl) = = 6(−1)
k+l2k+l(k − 1)kl
(2k + 2l − 3)!!
(k + l + 1)!
.
φ¯1(dl, ek) = −φ¯1(ek, dl)
φ¯1(dk, dl) = l(l+ 1)(l + 2)δk+l,−2 + 4l(2l+ 1)(l + 1)δk+l,−1 + 4l(2l− 1)(2l + 1)δk+l,0.
where, by definition, (2k + 2l− 3)!! = (2k + 2l− 3) · (2k + 2l− 5) · ... · 5 · 3 · 1.
For all k, l ∈ Z
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φ¯2(ek, el) = −2(l
3 − l)δl+k,0 − 4l(l− 1)(2l − 1)δk+l,1
φ¯2(ek, dl) = −φ¯2(dl, ek) = 0
φ¯2(dk, dl) =− 2l(l+ 1)(l + 2)δk+l,−2 − 8l(l+ 1)(2l+ 1)δk+l,−1
− 8l(2l− 1)(2l + 1)δk+l,0.
Note that φ¯2(dk, dl) = −2φ¯1(dk, dl), and φ¯2(ek, el) = −2φ¯1(ek, el).
This theorem will be used in [CJM14] to define cocycles onDer(R) and construct 3-point Virasoro
algebras and representations of the 3-point Virasoro and Current algebras.
3. Proof of the theorem
The proofs of the values of the cocycles involve interesting combinatorial identities of binomial
coefficients, and the overall approach to computing the values of the cocycles is similar in some
aspects to binomial inversion, where we have additional variables, and summations.
We will prove Theorem 2.6 by applying a variety of identities for binomial coefficients. The
general approach is often to apply the subset identity if necessary to eliminate a variable, then use
the Chu-Vandermonde identity, and other well known properties of binomial coefficients.
Lemma 3.1. For all k, l ∈ Z one has
φ¯1(ek, el) = φ¯1(t
kD, tlD) = 2(l2 − l)(2l− 1)δk+l,1 + (l
3 − l)δk+l,0.
Proof. Note that if k < −1, l = −1, l3 − l = 0 so φ¯1(u, v) := φ1(Φf (u),Φf (v)) = 0. The case
k ≥ 0, l = 1 also results in 0.
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For k, l ≥ 0, by (2.4)
φ¯1(t
kD, tlD) = φ1
(
2k∑
a=0
(
2k
a
)
(−1)as−k+a+1∂s,
2l∑
b=0
(
2l
b
)
(−1)bs−l+b+1∂s
)
=
2k∑
a=0
2l∑
b=0
(
2k
a
)(
2l
b
)
(−1)a+bφ1
(
s−k+a+1∂s, s
−l+b+1∂s
)
=
2k∑
a=0
2l∑
b=0
(
2k
a
)(
2l
b
)
(−1)a+bδk−a,−l+b
(
(−l + b)3 − (−l + b)
)
= (−1)k+l
2k∑
a=0
(
2k
a
)(
2l
k + l− a
)(
(k − a)3 − (k − a)
)
= −(−1)k+l
2k∑
a=0
(
2k
a
)(
2l
k + l − a
)
(a3 − 3a2 + 2a)
+ (3k − 3)(−1)k+l
2k∑
a=0
(
2k
a
)(
2l
k + l − a
)
(a2 − a)
− 3k(k − 1)(−1)k+l
2k∑
a=0
(
2k
a
)(
2l
k + l − a
)
a
− (k3 − k)(−1)k+l
2k∑
a=0
(
2k
a
)(
2l
k + l − a
)
= −(−1)k+l2k(2k − 1)(2k − 2)
(
2k + 2l − 3
k + l
)
+ (−1)k+l3(k − 1)2k(2k − 1)
(
2k + 2l− 2
k + l
)
− (−1)k+l6k2(k − 1)
(
2l+ 2k − 1
l + k
)
+ (−1)k+l(k3 − k)
(
2l+ 2k
l + k
)
= 0.
For l ≥ 0, k = −1 by (2.4)
φ¯1(t
−1D, tlD) = φ1
((
1 +
2
s− 1
+
1
(s− 1)2
)
∂s,
2l∑
a=0
(
2l
a
)
(−1)as−l+a+1∂s
)
= 12δl,2
and when k, l < −1, then by (2.4):
φ¯1(t
kD, tlD) =
−l+1∑
a=0
−k+1∑
b=0
(
−l+ 1
a
)(
−k + 1
b
)
δl,−k(l
3 − l)
= 0.
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For k ≥ 0, l < −1, by (2.4)
φ¯1(t
kD, tlD) = φ1
(
2k∑
a=0
(
2k
a
)
(−1)as−k+a+1∂s,
−l+1∑
b=0
(
−l+ 1
b
)
(s− 1)l−b+1∂s
)
=
2k∑
a=0
−l+1∑
b=0
(
2k
a
)
(−1)a
(
−l + 1
b
)
φ1
(
s−k+a+1∂s, (s− 1)
l−b+1∂s
)
=
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)
(k − a− l + b− 1)!
(k − a− 2)!(−l+ b− 2)!
=
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)(
k − a− l + b− 1
−l+ b+ 1
)
((−l + b)3 − (−l+ b))
=
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)(
k − a− l + b− 1
−l+ b+ 1
)
b(b− 1)(b− 2)
− 3(l− 1)
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)(
k − a− l+ b − 1
−l+ b+ 1
)
b(b− 1)
+ 3
(
l2 − l
) k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l + 1
b
)(
k − a− l + b− 1
−l + b+ 1
)
b
− (l3 − l)
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l + 1
b
)(
k − a− l + b− 1
−l+ b+ 1
)
= 2(l2 − l)(2l− 1)δk+l,1 + (l
3 − l)δk+l,0.
Where we have applied the identity
(
n
k
)
= (−1)k
(
k−n−1
k
)
for n ≥ 0 and also the Chu-Vandermonde
convolution formula
∑n
k=0
(
s
k
)(
t
n−k
)
=
(
s+t
n
)
. For n < 0 and k ∈ Z we take
(
n
k
)
=


(−1)k
(
−n+k−1
k
)
if k ≥ 0
(−1)n−k
(
−k−1
n−k
)
if k ≤ n
0 otherwise
In addition, we use for n ≥ 0, k ≥ 0
(
n
k
)
= (−1)k
(
−n+ k − 1
k
)
.
Thus for k + l ≤ −2, 2k + l − b− 2 = k − 2− b+ (k + l) ≤ k − b− 4
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k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)(
k − a− l + b− 1
k − 2− a
)
=
−l+1∑
b=0
(−1)k+l+b
(
−l+ 1
b
) k−2∑
a=0
(
2k
a
)
(−1)k−2−a
(
k − a− l + b− 1
k − 2− a
)
=
−l+1∑
b=0
(−1)k+l+b
(
−l+ 1
b
) k−2∑
a=0
(
2k
a
)(
l − b− 2
k − a− 2
)
=
−l+1∑
b=0
(−1)k+l+b
(
−l+ 1
b
)(
2k + l − b− 2
k − 2
)
=
−l+1∑
b=0
(
−l+ 1
b
)
(−1)k+l−b
(
2k + l − b− 2
k + l − b
)
=
−l+1∑
b=0
2k+l−b−2<0
(
−l + 1
b
)
(−1)k+l−b
(
2k + l − b− 2
k + l − b
)
+
−l+1∑
b=0
k+l−b<0≤2k+l−b−2
(
−l+ 1
b
)
(−1)k+l−b
(
2k + l − b− 2
k + l − b
)
+
−l+1∑
b=0
0≤k+l−b
(
−l+ 1
b
)
(−1)k+l−b
(
2k + l− b− 2
k + l − b
)
=
−l+1∑
b=0
2k+l−b−2<0
(
−l + 1
b
)
(−1)l−b
(
−k − l+ b − 1
k − 2
)
+
−l+1∑
b=0
0≤k+l−b
(
−l+ 1
b
)(
−k + 1
k + l − b
)
= −
−l+1∑
b=0
2k+l−b−2<0
(
−l+ 1
b
)(
−k + 1
k + l − b
)
+
−l+1∑
b=0
k+l−b≥0
(
−l+ 1
b
)(
−k + 1
k + l − b
)
= −
−l+1∑
b=2k+l−1
(
−l + 1
b
)(
−k + 1
k + l − b
)
+
min{k+l,−l+1}∑
b=0
(
−l+ 1
b
)(
−k + 1
k + l − b
)
= (−1)k+l
(
2k + 2l − 3
k + l
)
δk+l>1
= (−1)k+l
(
2k + 2l − 3
k + l
)
− δk+l,1 − δk+l,0.
Similar calculations give us
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l + 1
b
)(
k − a− l + b− 1
k − 2− a
)
b
= (−l + 1)
(
(−1)k+l+1
(
2k + 2l− 3
k + l − 1
)
− δk+l,1
)
,
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k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l+ 1
b
)(
k − a− l + b− 1
k − 2− a
)
b(b− 1)
= (l2 − l)(−1)k+l
(
2k + 2l − 3
k + l − 2
)
,
k−2∑
a=0
−l+1∑
b=0
(−1)a+l−b
(
2k
a
)(
−l + 1
b
)(
k − a− l + b− 1
k − 2− a
)
b(b− 1)(b− 2)
= (l3 − l)(−1)k+l
(
2k + 2l− 3
k + l − 3
)
.
As the other cases are trivial, we have the result. 
Lemma 3.2. For all k, l ∈ Z one has
φ¯1(t
kuD, tluD) = l(l + 1)(l + 2)δk+l,−2 + 4l(2l+ 1)(l + 1)δk+l,−1 + 4l(2l− 1)(2l+ 1)δk+l,0.
Proof. For k, l ≥ 0, by (2.4)
φ¯1(t
kuD, tluD) =
2k+1∑
a=0
2l+1∑
b=0
(
2k + 1
a
)(
2l + 1
b
)
(−1)a+bφ1
(
sk−a+2∂s, s
l−b+2∂s
)
+
2k+1∑
a=0
2l+1∑
b=0
(
2k + 1
a
)(
2l+ 1
b
)
(−1)a+bφ1
(
sk−a+2∂s, s
l−b+1∂s
)
+
2k+1∑
a=0
2l+1∑
b=0
(
2k + 1
a
)(
2l+ 1
b
)
(−1)a+bφ1
(
sk−a+1∂s, s
l−b+2∂s
)
+
2k+1∑
a=0
2l+1∑
b=0
(
2k + 1
a
)(
2l+ 1
b
)
(−1)a+bφ1
(
sk−a+1∂s, s
l−b+1∂s
)
= (−1)k+l
2k+1∑
a=0
(
2k + 1
a
)(
2l+ 1
k + l − a
)
((k − a)3 − (k − a))
+ (−1)k+l
2k+1∑
a=0
(
2k + 1
a
)(
2l+ 1
k + l − a+ 2
)
((k − a+ 1)3 − (k − a+ 1))
− (−1)k+l
2k+1∑
a=0
(
2k + 1
a
)(
2l+ 1
k + l − a+ 1
)
((k − a+ 1)3 − (k − a+ 1))
− (−1)k+l
2k+1∑
a=0
(
2k + 1
a
)(
2l+ 1
k + l − a+ 1
)
((k − a)3 − (k − a))
=
(−1)k+l6k(k − l)l
(k + l − 1)(k + l − 2)
(
2k + 2l− 1
k + l + 2
)
−
(−1)k+l6kl(l− k)
(k + l + 2)(k + l + 1)
(
2k + 2l− 1
k + l
)
−
(−1)k+l6kl
(k + l + 1)
(
2k + 2l− 1
k + l
)
−
(−1)k+l6kl
(k + l + 1)
(
2k + 2l− 1
k + l
)
= 0
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where using calculations similar to those applied in Lemma 3.1, for example
(−1)k+l
2k+1∑
a=0
(
2k + 1
a
)(
2l + 1
k + l− a
)
= (−1)k+l
(
2k + 2l+ 2
k + l + 2
)
.
For l, k < −1 we have
φ¯1(t
kuD, tluD) =
−k+1∑
a=0
−l+1∑
b=0
(
−k + 1
a
)(
−l + 1
b
)
φ1((s− 1)
a+2k+1∂s, (s− 1)
b+2l+1∂s)
+
−k∑
a=0
−l+1∑
b=0
(
−k
a
)(
−l+ 1
b
)
φ1((s− 1)
a+2k+1∂s, (s− 1)
b+2l+1∂s)
+
−k+1∑
a=0
−l∑
b=0
(
−k + 1
a
)(
−l
b
)
φ1((s− 1)
a+2k+1∂s, (s− 1)
b+2l+1∂s)
+
−k∑
a=0
−l∑
b=0
(
−k
a
)(
−l
b
)
φ1((s− 1)
a+2k+1∂s, (s− 1)
b+2l+1∂s)
= 0.
Now consider the case k ≥ 0 and l < −1. We have
φ¯1(t
kuD, tluD) =
2k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)
φ1(s
k−a+2∂s, (s− 1)
b+2l+1∂s)
+
2k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)
φ1(s
k−a+1∂s, (s− 1)
b+2l+1∂s)
+
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ1(s
k−a+2∂s, (s− 1)
b+2l+1∂s)
+
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ1(s
k−a+1∂s, (s− 1)
b+2l+1∂s)
where
2k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l + 1
b
)
φ1(s
k−a+2∂s, (s− 1)
b+2l+1∂s)
= −(−1)k+l(−l+ 1)(−l)(−l− 1)
(
2k + 2l + 2
k + l + 2
)
− 3(−1)k+l(2l + 1)(−l+ 1)(−l)
(
2k + 2l + 1
k + l + 2
)
− 6(−1)k+ll(2l+ 1)(−l + 1)
(
2k + 2l
k + l + 2
)
− (−1)k+l(2l + 1)(2l)(2l− 1)
(
2k + 2l − 1
k + l + 2
)
+ l(l + 1)(l + 2)δk+l,−2 + 3l(l+ 1)(2l+ 1)δk+l,−1 + (2l + 1)(2l)(2l− 1)δk+l,0.
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Analyzing the second term:
2k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l + 1
b
)
φ1(s
k+1−a∂s, (s− 1)
b+2l+1∂s)
=
k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)
φ1(s
k+1−a∂s, (s− 1)
b+2l+1∂s)
+
2k+1∑
a=k+2
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)
φ1(s
k+1−a∂s, (s− 1)
b+2l+1∂s)
=
2k+1∑
a=k+2
−l+1∑
b=0
(−1)a+b
(
2k + 1
a
)(
−l+ 1
b
)(
−k − 2l+ a− b− 1
−k − 2 + a
)
((−b− 2l)3 − (−b− 2l))
=
k−1∑
a=0
−l+1∑
b=0
(−1)a+b+k
(
2k + 1
a+ k + 2
)(
−l+ 1
b
)(
a− 2l− b + 1
a
)
((−b− 2l)3 − (−b− 2l))
= (−1)k+l(−l + 1)(−l)(−l− 1)
(
2k + 2l+ 2
k + l + 1
)
+ 3(2l + 1)(−1)k+l(−l + 1)(−l)
(
2k + 2l + 1
k + l + 1
)
+ 6(2l + 1)l(−1)k+l(−l+ 1)
(
2k + 2l
k + l + 1
)
+ 2l(2l− 1)(2l + 1)(−1)k+l
(
2k + 2l− 1
k + l + 1
)
+ 2l(l+ 1)(2l + 1)δk+l,−1 + (2l + 1)2l(2l− 1)δk+l,0.
which we obtain by simplifying as in the following example
k−1∑
a=0
−l+1∑
b=0
(−1)a+b+k
(
2k + 1
a+ k + 2
)(
−l+ 1
b
)(
a− 2l − b+ 1
a
)
= −(−1)k+l
(
2k + 2l − 1
k + l + 1
)
δk+l≥2
= −(−1)k+l
(
2k + 2l − 1
k + l + 1
)
+ δk+l,−1 − δk+l,0,
Note that the third term
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ1(s
k−a+2∂s, (s− 1)
b+2l+1∂s)
and the fourth term
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ1(s
k−a+1∂s, (s− 1)
b+2l+1∂s)
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are very similar to the first and the second one. Performing similar calculations yields
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ¯1(s
k−a+2∂s, (s− 1)
b+2l+1∂s)
= −(−1)k+ll(l+ 1)(l+ 2)
(
2k + 2l + 2
k + l + 1
)
+ 3(2l+ 1)(−1)k+ll(l + 1)
(
2k + 2l+ 1
k + l
)
+ 6l(2l+ 1)(−1)k+ll(l+ 1)
(
2k + 2l
k + l − 1
)
+ (2l + 1)(2l)(2l− 1)(−1)k+l
(
2k + 2l − 1
k + l − 2
)
− l(l + 1)(2l+ 1)δk+l,−1 + (2l − 1)(2l)(2l+ 1)δk+l,0
and
2k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)
φ1(s
k+1−a∂s, (s− 1)
b+2l+1∂s)
= −(−1)k+l(−l)(−l− 1)(−l − 2)
(
2k + 2l + 2
k + l
)
− 3(2l + 1)(−1)k+l(−l)(−l− 1)
(
2k + 2l + 1
k + l
)
− 6(2l + 1)l(−1)k+l(−l)
(
2k + 2l
k + l
)
− 2l(2l+ 1)(2l− 1)(−1)k+l
(
2k + 2l− 1
k + l
)
− 2l(2l+ 1)(2l− 1)δk+l,0.
Adding all of the four summands we have for k ≥ 0 and l < −1 we obtain
φ¯1(t
kuD, tluD) = l(l + 1)(l + 2)δk+l,−2 + 4l(2l+ 1)(l + 1)δk+l,−1 + 4l(2l− 1)(2l+ 1)δk+l,0.
Finally we consider the case k ≥ 0 and l = −1. We have
φ¯1(t
kuD, tluD) = −12δk,1.
Clearly, when k = l = −1 we obtain zero. For k ≤ −1 and l = −1 we have
φ¯1(t
kuD, tluD) =
=
−k+1∑
a=0
(
−k + 1
a
)(
φ1
(
(s− 1)a+2k+1∂s, s∂s
)
+ φ1
(
(s− 1)a+2k+1∂s, 2(s− 1)
−1∂s
))
+
−k∑
a=0
(−1)a
(
−k
a
)(
φ1
(
(s− 1)a+2k+1∂s, s∂s
)
+ φ1
(
(s− 1)a+2k+1∂s, 2(s− 1)
−1∂s
) )
=
−k+1∑
a=0
(
−k + 1
a
)(
φ1
(
(s− 1)a+2k+1∂s, s∂s
) )
+
−k∑
a=0
(
−k
a
)(
φ1
(
(s− 1)a+2k+1∂s, s∂s
) )
= 0.
Combining all the above we have, for all k, l ∈ Z,
φ¯1(t
kuD, tluD) = l(l + 1)(l + 2)δk+l,−2 + 4l(2l+ 1)(l + 1)δk+l,−1
+ 4l(2l− 1)(2l+ 1)δk+l,0.

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Lemma 3.3. For all k, l ∈ Z one has
φ¯1(t
kD, tluD) = 6(−1)k+l2k+l(k − 1)kl
(2k + 2l − 3)!!
(k + l + 1)!
.
Proof. Some of these calculations are similar to the calculations done in Proposition 3.2 so we will
omit some details. For k, l ≥ 0, by (2.4)
φ¯1(t
kD, tluD) =
2k∑
a=0
2l+1∑
a′=0
(
2k
a
)(
2l+ 1
a′
)
(−1)a+a
′
φ1
(
s−k+a+1∂s, s
l−a′+2∂s
)
+
2k∑
a=0
2l+1∑
a′=0
(
2k
a
)(
2l+ 1
a′
)
(−1)a+a
′
φ1
(
s−k+a+1∂s, s
l−a′+1∂s
)
= −(−1)k+l
min{2k,k+l}∑
a=max{0,k−l−1}
(
2k
a
)(
2l+ 1
a− k + l + 1
)
((a− k)3 − (a− k))
+ (−1)k+l
min{2k,k+l+1}∑
a=max{0,k−l}
(
2k
a
)(
2l+ 1
a− k + l
)
((a− k)3 − (a− k)).
= −(−1)k+l(2k)(2k − 1)(2k − 2)
(
2k + 2l − 2
k + l + 1
)
− (3− 3k)(−1)k+l(2k)(2k − 1)
(
2k + 2l − 1
k + l + 1
)
− 3k(k − 1)(−1)k+l(2k)
(
2k + 2l
k + l + 1
)
+ (k3 − k)(−1)k+l
(
2k + 2l+ 1
k + l+ 1
)
+ (−1)k+l(2k)(2k − 1)(2k − 2)
(
2k + 2l − 2
k + l
)
+ (3− 3k)(−1)k+l(2k)(2k − 1)
(
2k + 2l − 1
k + l
)
+ 3k(k − 1)(−1)k+l(2k)
(
2k + 2l
k + l
)
− (k3 − k)(−1)k+l
(
2k + 2l+ 1
k + l
)
= 6(−1)k+l2k+l(k − 1)kl
(2k + 2l− 3)!!
(k + l + 1)!
.
Note that for l = −1 and k ≥ 0 we also have
φ¯1(t
kD, tluD) = 6(−1)k+l2k+l(k − 1)kl
(2k + 2l − 3)!!
(k + l + 1)!
.
Now observe that if l, k < −1 then we have
φ¯1(t
kD, tluD) =
−k+1∑
a=0
−l+1∑
b=0
(
−k + 1
a
)(
−l+ 1
b
)
φ1((s− 1)
k−a+1∂s, (s− 1)
b+2l+1∂s)
+
−k+1∑
a=0
−l∑
b=0
(
−k + 1
a
)(
−l
b
)
φ1((s− 1)
k−a+1∂s, (s− 1)
b+2l+1∂s)
= 0,
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for k = −1 and l < −1 we have
φ¯1(t
kD, tluD) =
−l+1∑
a=0
(
−l + 1
a
)
φ1
(
(2(s− 1)−1 + (s− 1)−2)∂s, (s− 1)
a+2l+1∂s
)
+
−l∑
a=0
(
−l
a
)
φ1
(
(2(s− 1)−1 + (s− 1)−2)∂s, (s− 1)
a+2l+1∂s
)
= 0,
for l = −1 and k < −1 we have
φ¯1(t
kD, tluD) =
−k+1∑
a=0
(
−k + 1
a
)
φ1
(
(s− 1)k−b+1∂s, (s+ (s− 1)
−1)∂s
)
= 0
and for k = l = −1 we have
φ¯1(t
kD, tluD) = φ1
(
(2(s− 1)−1 + (s− 1)−2)∂s, (s+ 2(s− 1)
−1)∂s
)
= 0.
Combining the last four cases we have, for l, k ≤ −1,
φ¯1(t
kD, tluD) = 6(−1)k+l2k+l(k − 1)kl
(2k + 2l − 3)!!
(k + l + 1)!
.
Now consider k = −1 and l ≥ 0 where
φ¯1(t
kD, tluD) =
2l+1∑
a=0
(
2l + 1
a
)
(−1)aφ1
(
(2(s− 1)−1 + (s− 1)−2)∂s, s
l−a+2∂s
)
+
2l+1∑
a=0
(
2l+ 1
a
)
(−1)aφ1
(
(2(s− 1)−1 + (s− 1)−2)∂s, s
l+1−a∂s
)
= −2
2l+1∑
a=l+3
(
2l+ 1
a
)
(−1)a
(−l + a)!
0!(−l+ a− 3)!(−1)2
−
2l+1∑
a=l+3
(
2l+ 1
a
)
(−1)a
(−l+ 1 + a)!
1!(−l+ a− 3)!(−1)3
− 2
2l+1∑
a=l+2
(
2l+ 1
a
)
(−1)a
(−l + a+ 1)!
0!(−l+ a− 2)!(−1)2
−
2l+1∑
a=l+2
(
2l+ 1
a
)
(−1)a
(−l + a+ 2)!
1!(−l+ a− 2)!(−1)3
= 6(−1)k+l2k+l(k − 1)kl
(2k + 2l − 3)!!
(k + l + 1)!
.
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For k ≥ 0 and l < −1 we obtain by similar calculations to the previous cases
φ¯1(t
kD, tluD) =
2k∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l+ 1
b
)
φ1(s
a−k+1∂s, (s− 1)
b+2l+1∂s)
+
2k∑
a=0
−l∑
b=0
(−1)a
(
2k
a
)(
−l
b
)
φ1(s
a−k+1∂s, (s− 1)
b+2l+1∂s)
=
k−2∑
a=0
−l+1∑
b=0
(−1)a+b
(
2k
a
)(
−l + 1
b
)(
k − a− 2l − b− 1
−b− 2l + 1
)
((−b − 2l)3 − (−b− 2l))
+
k−2∑
a=0
−l∑
b=0
(−1)a+b
(
2k
a
)(
−l
b
)(
k − a− 2l− b− 1
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
= 6(−1)k+l2k+l(k − 1)kl
(2k + 2l− 3)!!
(k + l + 1)!
Where we are using computations such as:
k−2∑
a=0
−l+1∑
b=0
(−1)a+b
(
2k
a
)(
−l+ 1
b
)(
k − a− 2l− b− 1
−b− 2l+ 1
)
= −(−1)l+k
(
2k + 2l− 2
k + l + 1
)
− δk+l,−1 − 2δk+l,0,
and
k−2∑
a=0
−l∑
b=0
(−1)a+b
(
2k
a
)(
−l
b
)(
k − a− 2l− b− 1
−b− 2l+ 1
)
= (−1)l+k
(
2k + 2l− 2
k + l
)
− δk+l,0.
Finally, for k < −1 and l ≥ 0, we have
φ¯1(t
kD, tluD) =
−k+1∑
a=0
2l+1∑
b=0
(−1)b
(
−k + 1
a
)(
2l + 1
b
)
φ1((s− 1)
k+1−a∂s, s
l−b+2∂s)
+
−k+1∑
a=0
2l+1∑
b=0
(−1)b
(
−k + 1
a
)(
2l+ 1
b
)
φ1((s− 1)
k+1−a∂s, s
l+1−b∂s)
= −
−k+1∑
a=0
2l+1∑
b=l+3
(−1)a+b−k
(
−k + 1
a
)(
2l+ 1
b
)(
a− k + b− l − 2
a− k + 1
)
(a− k)3 − (a− k))
−
−k+1∑
a=0
2l+1∑
b=l+2
(−1)a+b−k
(
−k + 1
a
)(
2l + 1
b
)(
a− k + b− l − 1
a− k + 1
)
((a− k)3 − (a− k))
= 6(−1)k+l2k+l(k − 1)kl
(2k + 2l− 3)!!
(k + l + 1)!
.
This finishes the proof. 
For the second cocycle we have the following proposition.
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Proposition 3.4. For all k, l ∈ Z one has
φ¯2(t
kD, tlD) = −2φ¯1(t
kD, tlD),
φ¯2(t
kD, tluD) = 0,
φ¯2(t
kuD, tluD) = −2φ¯1(t
kuD, tluD).
Proof. The calculations here are in the same spirit as the to the calculations done for the first cocycle
and, for this reason, we will do only the calculations for k ≥ 0 and l < −1. We have
φ¯2(t
kD, tlD) =
2k∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l + 1
b
)
φ2(s
−k+a+1∂, (s− 1)l−b+1∂)
=
2k∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l + 1
b
)
δ−k+a≥0
(
a− k + 1
−l+ b+ 1
)
((−l + b)3 − (−l+ b))
−
2k∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l+ 1
b
)
δ−k+a<0
((−l + b− 1) + (k − a− 1) + 1)!
(b − l− 2)!(k − a− 2)!(−1)b−l
=
2k∑
a=k
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l+ 1
b
)(
a− k + 1
−l+ b+ 1
)
((−l + b)3 − (−l+ b))
−
k−1∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l + 1
b
)
(−1)b+l
(
b− l + k − a− 1
k − a+ 1
)
((k − a)3 − (k − a))
= (−(l3 − l)δl+k,0 + l(l− 1)(2− 4l)δl+k,1)
− (l(l + 1)(l − 1)δk+l,0 + l(2l− 1)(2l − 2)δk+l,1)
= −2(l3 − l)δl+k,0 − 4l(l− 1)(2l− 1)δk+l,1
where we use, for example,
2k∑
a=k
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l + 1
b
)(
a− k + 1
−l+ b+ 1
)
= (−1)l+k
(
2k + 2l − 3
l + k
)
and
k−1∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l+ 1
b
)
(−1)b+l
(
b− l + k − a− 1
k − a+ 1
)
= −(−1)k+l
(
2k + 2l
k + l
)
.
Now consider
φ¯2(t
kD, tluD) =
2k∑
a=0
−l+1∑
b=0
(−1)a
(
2k
a
)(
−l+ 1
b
)
φ2(s
a−k+1∂s, (s− 1)
b+2l+1∂s)
+
2k∑
a=0
−l∑
b=0
(−1)a
(
2k
a
)(
−l
b
)
φ2(s
a−k+1∂s, (s− 1)
b+2l+1∂s)
= −l(l+ 1)(l + 2)δk+l,−1 − 2l(l+ 1)(2l + 1)δk+l,0
+ l(l+ 1)(l + 2)δk+l,−1 + 2l(l+ 1)(2l + 1)δk+l,0
= 0,
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and the last one is obtained by simplifying
φ¯2(t
kuD, tluD) =
k+1∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)(
k + 2− a
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
+
k∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)(
k + 1− a
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
+
k+1∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)(
k + 2− a
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
+
k∑
a=0
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)(
k + 1− a
−b− 2l + 1
)
((−b − 2l)3 − (−b− 2l))
+
2k+1∑
a=k+2
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)(
k + 2− a
−b− 2l + 1
)
((−b − 2l)3 − (−b− 2l))
+
2k+1∑
a=k+1
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)(
k + 1− a
−b− 2l + 1
)
((−b − 2l)3 − (−b− 2l))
+
2k+1∑
a=k+2
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)(
k + 2− a
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
+
2k+1∑
a=k+1
−l∑
b=0
(−1)a
(
2k + 1
a
)(
−l
b
)(
k + 1− a
−b− 2l+ 1
)
((−b− 2l)3 − (−b− 2l))
where, for example,
k∑
a=0
−l+1∑
b=0
(−1)a
(
2k + 1
a
)(
−l+ 1
b
)(
k + 1− a
−b− 2l+ 1
)
= (−1)l+k+1
(
2k + 2l− 1
l + k + 1
)
.

It is interesting to note that even though the calculations here are more complicated and involve
more variables, the spirit of the calculation is reminiscent of one of the proofs of binomial inversion.
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